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Abstract: This paper presents a rigorous and convincing proof that Armstrong’s axiomatic system (as the
foundation of relational database normalization theory) is complete and sound within the paradigm of mathematical
logic: the relations of syntactic and semantic entailment are introduced and it is shown that they coincide. The
properties of set-theoretic data structure functional constraints have been used as mathematical framework.
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Introduction

The dependability of hardware-software systems is largely defined by the reliability of relational databases in use. In
its turn, the reliability of the above-mentioned databases is dependant on their logical design. To eliminate the
known anomalies (update, insertion, deletion) the database normalization is required. The process of normalization
is based upon functional dependencies theory the foundation of which is made by Armstrong’s axioms and their
completeness. The overview of research sources has shown that Armstrong’s axiomatic system lacks the proof of
completeness that would .comply with mathematical rigor; in fact, this vitally important result has a seemingly
announcement status. The situation is aggravated by the fact many widely spread CASE-means support
normalization. Furthermore, the assertion about the hardware-software system dependability without utilizing
formal methods, in the first place mathematical ones, is out of the question.

The purpose of this paper is the construction of a comprehensive and exhaustive proving of a well-known result in
the theory of relational databases - Armstrong’s axiomatic system completeness result for functional dependencies.

Let A - a set of attributes (names), t - a chart (table), R - a scheme of the chart (table) t (an arbitrary finite set of

attributes), X, Y, W, Z- subsets of scheme R, s, s{, s2 - the rows of chart t. Let functional dependencel X -» Y ,is

taking place at chart t, if for two arbitrary rows s,, s2 oftable t which coincide on the set of attributes X, there is

their equality on the set of attributes Y, that is:

d'f .
(X ->Y)(t) =True o Vj,,52 =s2\X =>"r =s2\Y)

Let table t of the scheme R be the model of a set of functional dependences F, if each functional dependence
X ->Y e F iscarried out at table t :

def
tmodel F <> \/(X ->Y)(X -> Y e F = {X -> K)(f) = true). 2)

Semantic Succession
Functional dependence X Y is semantically deduced (|=) from the set of functional dependences F, if at each

table t(R) which is the model of a set FD F, functional dependence X ->Y is carried out as well:

def
o VI(4) (/modelF)"N(X"A> Y)(t) =true). (3)

Lemma 1. \/t (AT-» Y)(t) =true, Y ¢ X (axiom ofreflexiveproperty according to William Armstrong).

Proof. Let us consider the rows of table t for which \x =s2\x is carried out. We restrict both partsof this equality

according to the set Y : = (n2|x)|Y . According to the property of restriction operator ((/|y)|Z = U\(Yf]z)'
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it follows jjKA'fly)=s2|(~MY). Consequently, and from the condition Y g X we get j,|ly =s2]y, so

(X ->Y)(t) =truea

Corollaryfact. 0|= X -> Y, V7 ¢ X (such functional dependence is called trivial).

Lemma 2. (X —=Y)(t) =true (X (JZ->YUZ)(t)=true, VZc: R (the rule of completion).

Proof. Let jj \(X{JZ) =s2\(X\JZ) s carried out for some rows of table t hence,according tothe axjom of
reflexive property, we get j, IX - s21X and sx\Z =s2\Z . Using the property ofdistributive restriction as for the

unitingl previous equalities and condition s, | X =s2| X =>5s, |Y =s2\Y, it follows:

J, \(YUZ) =1 IKLIj, \Z =s2\Y\Js2\Z =s2\(Y\JZ).0

Corollaryfact. F\= X -*Y F\= X\JZ->Y\JZ.

def
Proof. F j=X ->Y « Vt(R) (tmodel F = (X ->Y)(t) =true). According to the rule of completion, it follows

(X Uz -> Y\jZ)(t) =true, from this follows F\=X\JZ-*Y\JZU

Lemma 3. (X —=Y)(t) =true & (Y -> Z)(t) =true (A" -» Z)(t) =true (the rule of transitivity).

Proof. From the conditions {X ->Y)(t) =true and (Y =2Z)(t) =true, we get
Vij.Sj e/ (ijx =j2IX =>j,ly =s21Y & " 1Y =s21Y=>s{1Z =s2\Z ).From thisfollowsVs],s2et
(5,\ X =s2\X =>sxX\Z =s217) and (X -> Z)(t) =true O

Corollaryfact. F\=X -)F & F\=Y-*Z =F |=X ->Z.

def
Proof. F|="->y& F|=K-»Z <> Vt(R) (t model F) => (Z ->F)(0 =?r«¢e & (Y -» Z)(0 =Tmrve.

According to the rule of transitivity, it follows {X -» Z)(t) = true. From this follows F [= X -» Z O

Syntactic Succession (| —

Let us assume that functional dependence X ->Y is syntactically derived from F (indentation: F \-X -» Y), if

there is a finite succession (px,6>2,...<pm b <m, and it is such that (pm =X ->Y and V/=1,« -1 each <t is either
the axiom of reflexive property or refers to F or is derived with the help of some rule of deducing from the latter in

this succession <pj,(pk , j,k <i\ Let defined certain set of functional dependences F. Closure [F] is a set of all FD

that are syntactically deduced from F:

[F] df{n' > YIFI-X -> Y} (4)

Lemma 4. Correlations are carried out (properties of closure of functional dependences set):
I. Fc[F],

Proof. LetFD X -» Y e F ,then F |-X —Y with a number of steps of proving k =1, hence, X -» Y e [F] O

2- [[FI1=1[F] 2
Proof. According to property 1, we have [F] c [[F]]. Let us prove the reverse inclusion [[F]]c [F]. Let X -» Y

- arbitrary FD, such thatX -» Y € [[F]]. Then there is a finite succession FD (px,(p2,...,(pm x<pm, such that

(Pom=X ->Y and V/=1I,m -1 each (p, is either the axiom of reflexive property or refers to [F] or is derived with
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the help of some rule of deducing from the previous in this succession FD <pj,<gk, j,k <i. Let us make a new

succession according to such rules:
if 9 ¢ F then Vi isthe axiom of reflexive property, then let us write down this FD without any changes;
if (o,e F and < ¢ [F], then according to the definition of closure this FD has a finite succession of deducing

X, jup from F .lInstead of FD ¢p let us insert the succession of its deducing;

if (pi is derived according to any rule of deducing from the previous in this succession FD <y, <k, j,k <i,at
that according to the first two points g>j, (ok either refer to F or have the sequence of deducing from F then also we

write down FD <t without any changes. Created in such a way the succession is a succession of deducing FD

X Y fromF ,thatis F\-X -> Y hence, X ->Ye[F] O

Conclusion. Closure [F] is the minimal set which has F such that with application of Armstrong’s axioms to it is
impossible to obtain any functional dependence which wouldn’t refer to [F].

From axioms and rules of deducing indicated above in order of simplification of practical calculation of closure [F]
set FD F is possible to get other rules of deducing.

Lemma 5. {X{-> K, X2~>Y2} |- X~[jX2-» K UY2 (the rule of composition)4.

Proof. Let us make a succession of deducing for FD A, \JX2 -» Y"UY2:

1L Xx-»F,;

2. X\UX2-"mYxUX?2 (with 1according to the rule of completion);

3. X2—=Y2;

4. YxUX2-» K U Y2 (with 3 according to the rule of completion);

5. XtUX2-+ Y UY2 (with 2 and 4 according to the rile of transitivity). O

Lemma 6. X ->Yt\JY2 \- X -> Yx & X -» Y2 (the rule of decomposition)4.

Proof. Taking into consideration inclusions Y{czYj UY2 and Y2 ¢ T, UY2 having applied to FDX -> ¥, UY2
the axiom of reflexivity we get: X -» Yx & X -» ¥2.0O

Closure [X] ofa set X is the union ofright parts of all FD collating ofthe form X —¥ , which aresyntactically

derived from the F set:

[XIF= UY. )
X-*Ye{F]

Lemma 7. Correlations are carried out (properties of closure of X set):

1 Xc[X].,
Proof. Let us make a succession of deducing which has one FD X X (according to the axiom of reflexivity).

Hence, F I- X -> X and according to the definition of closure of X set follows X ¢ [X] O
2. F1I-X -»[X].
Proof. Let us make a succession which includes all FD X — F, such as that F \- X -> Y . According to the result

of lemma 5 FD X -» Y is carried out, which is equal to FD X [X]. From the created succession of
X->Yz[F]

deducing follows that F \- X -» [X]
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3. X->Z€[F]=Z0O[X]c R.

Proof by contradiction. Let us assume that X Z <£[F]=sZ <z[X]cz R ,then according to the definition of
closure of X set, it follows that: 3nIYX Yt Yn,for which Z C Yx (JYZ U—

X -> YUX -» Y¥2,...,X -» VY,, € [F]. From this follows that 3/,i =\,n such as that Z =VYt, hence X Z e[F],
which contradicts the assumption O .o~
Statement. IfFD X —>Y is syntactically deduced from the set FD F, then FD X -» Y is deduced from F
semantically:

F\-XA>Y=>F\=X-+Y. (6)
The proof is carried out by the method of induction at the length of proving which is the quantity of elements in this
succession:

I. Basis: /=1 9x=X ->Y ,itmeansthat FD X ->Y iseither anaxiomor X -» Ye F .
2. Letusassume that forevery i, i=1k-1 implication is carried out, that is for every FD from the succession of

deducing <x,(p2,...,(pk_x, semantic succession F 1= takes place.

3. Inductive step: we check the implementation of statement for i = k of sequence of deducing (px,(p2,...,(pk .

such that accomplishes F |=<9 V/ =1k - 1 (according to assumption) and gk = X -» Y . Let us consider the cases:
3.1. If X ->Y isan axiom hence, according to the corollary to lemma 1 it follows 0|= X -> Y.

32. If X ->Y e F ,thenF |=X ->Y is carried out trivially.

3.3. X ->Y isdeduced from certain f, j =1k -1 according to the rule of completion. According to the corollary
to lemma 2, it follows: F = =>F |=X -> Y.

3.4. X —Y is deduced from certain <t<gy, j,g<k according to the rule of transitivity. According to the
corollary to lemma 3, it follows: F |=<H,F =g =F |=X ->Y O

Statement. If FD X —Y is syntactically deduced from the set FD F, then FD X — K is deduced semantically from
F: F|=X -»Y F|]-X -»Y;

or the same: F\= X Y =X ->Ye [F].

Proofby contradiction. Let the given set of functional dependences is F. Let us show that if FD X -> Y e [F], then

FD is not deduced semantically from F. We build a model where:

1. Every FD which belongs to [F] is carried out;
2. IfFD does not belong to closure it is not carried out.

Let model t of the scheme R = {Ax,A2,..., An} comprise two rows t = {sx,s2}2 where j, (At)=at,/e Ln,

fa,, if A.e[X]-,

s2(A) =\ 7 (7)
vV \b,, b,*a,, if “"em -

A a2

a\ «2 an

Let X -» Y - is an arbitrary functional dependence which does not be ong to [F]. Let us show that this FD is not
carried out at t. Inclusion of X ¢ [X] (property 1of lemma 7) means that an X set is made of all attributes which
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refer to closure [X], hence, the meaning of the rows on this attributes coincide. From this follows that
5] IX =s21X . At that X —Y <£€F , then Y O[AT] (property 3 of lemma 7), that is there is an attribute
AeY & Ai [Z], on which the rows 5, i s2 acquire different meanings, hence it follows sx|Y *s2\Y,
consequently {X -> Y)(t) = false .

Let us show that arbitrary FD W —Z e[F] s carried out at t .

If WO [X] then j, IW ®s2IW . W ¢ [X]. Let’s make a succession:

1 FI-X ->[X] (property 2 of lemma 7);

2. [X] =W, MW c [X] (axiom of reflexive property);

3. X -» W (with 1and 2 according to the rile of transitivity);

4, FI-W ->Z;

5. X -» Z (with 3 and 4 according to the rile of transitivity).

From the meaning of [X] set X follows X Z =7 c [X], hence, for the created model t: s}Z =s21Z.By

analogy, taking into consideration inclusions W ¢ [X], it follows 5] W =s2\W, hence: (W -» Z)(t) = true O
Theorem. The relations of semantic and syntactic succession coincide.
FI=X ->Y<» Fj-X >mY  orthesame: F|=X ->Y <X ->Y ¢ [F].

Conclusion
The paper presents a rigorous proving that Armstrong’s axiomatic system is complete and sound by way of set-

theoretic data structure application. The methods of completeness establishment consists in introducing the two
relations based on functional dependencies - the relations of syntactic and semantic entailment - and the
establishment of these relations coincidence. The inclusion of syntactic entailment relation into semantic entailment
relation ensures correctness of Armstrong’s axiomatic system; reverse inclusion secures completeness of the
axiomatic system under study. Further research consists in constructing a comprehensive and rigorous theory of
relational databases normalization: the definitions of normal forms are to be specified and mathematical results of
the correctness of normalization algorithms are to be obtained. This theory will make a reliable foundation of
normalization theory, will substantiate the existing normalization algorithms and will show ways of obtaining all
more efficient possible normal forms. The results obtained can find their application in the dependability analysis

and complex system construction the foundation of which is made by the relational databases.
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