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Abstract. Axiomatics for multivalued dependencies in table databases and
axiomatics for functional and multivalued dependencies are reviewed; the com-
pleteness of these axiomatics is established in terms of coincidence of syntactic
and semantic consequence relations; the completeness criteria for these
axiomatic systems are formulated in terms of cardinalities (1) of the universal
domain D, which is considering in interpretations, and (2) the scheme R,
which is a parameter of all constructions, because only the tables which
attributes belong to this scheme R are considering.

The results obtained in this paper and developed mathematical technique can
be used for algorithmic support of normalization in table databases.

Keywords: table databases, functional dependencies, multivalued dependen-
cies, completeness of axiomatic system.

1 Introduction

Data integrity of relational (table) databases is dependent on their logical design. To
eliminate the known anomalies (update, insertion, deletion) the database normalization
is required. Analysis of the current state of normalization theory in relation databases
indicates that the accumulated theoretical researches not enough to satisfy the needs
of database developers (see, survey [1] based on 54 sources). This is evidenced
works devoted to the ways of solving existing problems of designing database schemas
(see, for example, [2]) and improvement of algorithmic systems for normalization
(see, for example, [3]).

The process of normalization is based, in particular, upon functional and multi-
valued dependencies theory the foundation of which is made by corresponding
axiomatics and their completeness. The overview of research sources has shown that
these axiomatic systems lack the proof of completeness that would comply with math-
ematical rigor; in fact, these vitally important results have a seemingly announcement
status.
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Known CASE-tools (Computer-Aided Software Engineering tools) (for example,
ERwin', Vantage Team Builder (Cadre), Silverrunz) perform normalization to 3NF
(Third Normal Form). The results obtained in this paper can be used for development
of the CASE-tools which support normalization. Since without proper mathematical
results for the correctness and completeness of axiomatics the algorithms don't have
foundation and keep heuristic in nature.

Features of this paper is clear separation of syntactic and semantic aspects.

All undefined concepts and notation are used in understanding of monograph [4],
in particular, s|X - restriction the row s to the set of attributes X . Symbol O

means the end of statement or proof, symbol = — end of logical part of proof.

2 Axiomatic for Multivalued Dependencies

Let ¢ — a table, R — the scheme of the table ¢ (finite set of attributes); X, Y, W, Z —
subsets of scheme R; s, s, s, — the rows of table ¢. Henceforth we shall assume

that set R and universal domain D (the set, from witch attributes take on values in
interpretations) are fixed.
A multivalued dependence (MVD) X —— Y is valid on the table ¢ of the scheme

R (see, for example, [4]), if for two arbitrary rows s, s, of table # which coincide
on the set of attributes X, exists row s; € ¢ which is equal to the union of restrictions
of the rows s;, s, to the sets of attributes X UY and R\(XUY) respectively:

def
(X 5> Y)@)=true= Vs, s, €t(s | X =5, X =

= 3sset(s; =5 (X UY)Us, [IR\(XUY))).

Thus, from the semantic point of view MVD — parametric predicate on tables of
the scheme R defined by two (finite) parameter-sets of attributes X , Y.

Structure of table 7, which complies with MVD X ——Y, can be represented
using the following relation. We say that rows s,, s, of table ¢ are in the relation

=y , if they coincide on the set of attributes X:

def
S1=X S2<:>S1|X=S2|X .

It is obvious that relation =y is equivalence relation and therefore it partitions the
table s into equivalence classes, which are as follows:

[sloy ={s1 X} @7y ([s]- ) @ 7\ xuy)([S)=y ) »

where s - arbitrary representative of the class.

! http://erwin.com/products/detail/ca_erwin_process_modeler/
2 http://www.silverrun.com/
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A table #(R) is the model of a set of MVDs G, if each MVD X ->—Ye G is
valid on table #(R):

def
1(R) is the model of G& V(X 5—Y)(X 5= Ye G = (X —— Y1) = true) .

Here and in the sequel the notion #(R) stand for the table ¢ of the scheme R .
The next axioms and inference rules are valid [5].

Axiom of reflexivity: Vt(X —— Y)(t) =true, where Y X .

Axiom: Vt(X —-—Y)(t) =true, where XUY =R.

Rule of complementation: (X —— Y)(t) =true = (X —»— R\(X UY))(?) = true .

Rule of augmentation:

(X 5=V =true&Z cW = (XUW ->—>YUZ)®) =true.

Rule of transitivity:

(X 5= Y)0)=true &Y —— Z)(t) =true = (X >— Z\Y)(#) =true.

As an example we give the proof of the axiom of reflexivity.

Proof. Let s; and s, be the rows of table ¢ for which s | X =s,1X is carried
out. We show that the row s; (X UY)Us, IR\(XUY) belongs to the table ¢.
Restrict both parts of equality s, 1 X =s,1X totheset Y: (5,1 X)I1Y =(s, 1 X)IY.
According to the property of restriction operator ((U |Y)|Z =U |(Y Nz )) [1, p. 24]) it
follows s1|(X ﬂY)=s2|(X NY). Consequently, and from the condition ¥ € X we
get s1|Y = s2|Y . According to the distributive property of restriction operator
wIYUx;=Jwix;) (1, p. 24] it follows: s (XUY)Usy IR\(XUY)=
i i

=S1|XUS1|YUS2|R\(XUY)=S2|XUS2|YUS2|R\(XUY)=S2|(XUYU
UR\N(XUY))=s,IR=35,. u]

The proof of other axiom and rules is given similarly.
AMVD X —»—Y is semantically deduced from the set of MVD’s G, if at each

table #(R), which is the model of set G,MVD X ——Y is valid too:

def
Gl= X 5—>Y ©ViH(R)( isthe model of the G = (X ->—Y)(t) =true).

From above-mentioned axioms and inference rules follow corollaries.

Lemma 1. The next properties of the semantic consequence relation are valid:
1) Jl=X —>->Y for YCX;

2) D= X >—>Y for XUY=R;
3) Gl=X>5-Y =Gk X 5> R\(XUY);
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4 G=EX->55Y&ZcW =>Gl=XUW—->—>YUZ;

5) GEX->->Y&GIEY>>Z=Gl=X >5—>2Z\Y;
6) GEX >—=Y &GI=EY 5>Z &ZNY=0=Gl=X >—>Z. |

A MVD X —»—Y is syntactically derived from the set of MVD’s G with re-
spect to the scheme R (Gl—xX ——Y), if there is a finite sequence of MVD’s

OLPsseees P> P,, Where @, =X ——Y and for all Vi=m each ¢, is either
the axiom of reflexive or belongs to G, or is derived with some inference rule for
MVD’s (complementation, augmentation, transitivity) from the previous in this se-
quence @@, jk<i.

Let sequence ¢,,9;,...,9,,_;,¢,, be called proof, following the tradition of mathe-
matical logic [6].

Let there be given certain set of MVD’s G . Closure [G]g is a set of all MVD'’s,
that are syntactically derived from G :

def
[Glg ={X 5>YIGl— X 5>V}

For notational convenience, we write |- for |—p.

Lemma 2. Next properties are valid:
1) G cl|G] (increase);

2) [[G]]1=[G] (idempotency);
3) G2 H=I[G]c[H] (monotonicity). |

Proof. Let’s prove proposition 1. Let MVD’s X -—>Ye G, then G|-X 5—>Y
with one number of steps of proving, hence, X -—Y € [G]. @

Let’s prove proposition 2. According to property 1, we have [G]C[[G]]. Let us
prove the reverse inclusion [[G]]C[G]. Let X ->—Y - arbitrary MVD, such that
X —-—Y e[[G]]. Then there is a finite sequence MVD’s ¢,¢,,....0,,_;,®,, . such

that ¢, =X —»—Y and for all Vi=1,m—1 each ¢; is either the axiom of reflex-
ive property or belongs to [G], or is derived with the help of some inference rule for

MVD’s from the previous in this sequence ¢;,¢,, j,k <i.Let us make a new se-

quence according to such rules:

— if ¢, is the axiom of reflexivity, then we write down this MVD without any changes;

— if @, € [G], then according to the definition of closure this MVD has a finite proof
Vi W_,W; from G.Instead of MVD ¢, let’s insert this proof;

— if ¢, is derived according to any inference rule from the previous in this sequence

MVD’s @;,¢;, j.k<i,thenalso we write down ¢, without any changes.
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Clearly, created in such a way the sequence is a proof of MVD X ——Y from
G thatis G|-X —-— Y ,hence, X »>—Ye|[G]. o

Thereby, operator G + [G] is closure operator in terms of [7].
Observe that properties of operator G > [G] listed in Lemma 2, are carried out in

axiomatic systems (see, for example, [8]).
From reflexivity axiom and inference rules indicated above is possible to get other
inference rules for MVD’s [2, 6].

Rule of pseudo-transitivity:
(X 5=Y,YUW 55 Z)- XUW 5> Z\(YUW).

Rules of difference:
a) {X ->-7T}H-X->-7Y\X;

b) (X 5> V\X}I- X 5V,
¢c) {X->->Y}Il- X >—>R\Y.
Rule of union: {X »—Y,,X »>>Y,}I- X 5> Y UY,.

Rules of decomposition:
a) {X->-V, X >-o0i-X->-YNY,;
b) {X—=>-V,X->->1}I-X->-1\Y,. o

Lemma 3. The next properties are valid for n=2,3,...:
) {X->-Y,...X>-Y}-X->5-1U.UY,;
2) {X >-Y,.X>->Y}H-X->->YN..NY,. o

The proofs of this lemma constructed by the induction in the 7, according the

rules of augmentation and transitivity.

3 Axiomatic for Multivalued Dependencies and Functional
Dependencies

It will be recalled that a functional dependence X — Y is valid on the table ¢, if for
two arbitrary rows s, s, of table # which coincide on the set of attributes X, their

equality on the set of attributes Y is fulfilled (see, for example [4]), that is:

def
(X > Y)(0) =true & Vsy,5,€ t(s)|X = 55X = s,V = 5,7 ).

Let there be given asets F and G of FD’s and MVD’s respectively. A table #(R)
is the model of a set F UG, if each dependency @e F UG is valid at table 7 :

def
t(R) ismodelof FUG Ve (pe FUG = ¢(t) =true) .

Mixed inference rules for FD’s and MVD’s are valid [5].
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1. Rule of extension FD to MVD
(X =>Y)t)=true = (X >—>Y)(t)=true.

2. X->-=2)t)=true & Y ->Z)t)=true & Z'cZ & YNZ=C=
= (X = Z)1) =true.

The proof of extension rule is presented, for example, in the monograph [1, p. 73]).

Let’s prove mixed inference rules for FD’s and MVD’s (proposition 2).

Proof. Let s; and s, be the rows of table ¢ for which s | X =s,1X is carried
out and MVD X ——Z holds for table 7. Therefore, there is row s;et that
s3=5 1 XUs1ZUsy, IRN(XUZ) . Let FD Y - Z" holds on table 7, where
Z'cZ and YNZ=9.

First we show that equality s,|Y =s;1Y for rows s, i s3 is fulfilled. From
equalities s, | X =531 X (by assumption, s;1X =s,1X and by construction of
row sy, 51X =s31X) and s, | R\(XUZ)=s31R\(XUZ) (by construction of
row s; ) we have s |(RA\(XUZ)UX)=sI(R\(XUZ)UX) , that is 3
s I(R\ZUX)= =s;1(R\ZUX); hence and from inclusion R\Zc R\ZUX
we have equality s, | (R\Z)=s;|(R\Z). By condition, we have Y(NZ =0 there-
fore Y Cc R\Z ,hence, s,1Y =s51Y.

By condition, we have (Y — Z')(t)=true , hence s,1Z'=s;1Z" . Since
s;1Z=s51Z (by construction of row s3), then from inclusion Z’c Z it follows
s;1Z"=s51Z". Thus, for rows s; and s, which coincide on the set of attributes
X ,equality s, 1Z"=s,1Z" isfulfilled. Thus, FD X — Z’ holds for table ¢. o

FD or MVD ¢ is semantically deduced from the set of dependencies F UG, if at
each table #(R), which is the model of a set of dependencies F UG, dependency ¢
is valid too:

def
FUGI|= o= Vi(R)(t(R)-model of FUG = (1) =true) .

From above-mentioned mixed inference rules for FD’s and MVD’s follow corol-
laries (the properties of semantic consequence relation):

. FEX->SY=>FI=EX—>->Y;
2.G=X—>>5Z & F=Y—>Z &7Z'cZ &YNZ=0=FUG=X—>2Z".

> It is required to take into account the succession of set-theoretic equalities

R\(XUZ)UZ=R\XNR\Z)UZ=(R\XUZ)N (R\XUZ)N (R\ZU2Z)=
=(R\XUZ)NR=R\XUZ.
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Lemma 4.Let H, i H, - the sets of dependencies (FD’s or MVD’s)and T}, 7, —
the sets of all their models respectively. Then implication H, c H, =T, 27T, is
carried out. |
Corollary 1. The next properties of the semantic consequence relation are valid:

) FEep=FUGI ¢;

2) G=p=>FUGI= 9. O

Lemma 5. The next properties of semantic consequence relation are valid:
) FEX—>Y=>FUG=EXUZ—->YUZ for ZcR;

FUGEX -2Y=>FUG=XUZ—->YUZ for ZcR;
2) FIEX—>3Y&FEYSZ=>FUGEX —>Z;
FUGEX Y& FUGEY 5Z=FUGEX >Z;
3) GEX->5->Y=>FUGEX 5> R\(XUY);
FUGEX »5>—>Y=>FUGI=EX 5> R\(XUY);
4) G=EX »=>Y&ZcW=FUGEXUW —-—>YUZ,
FUGEX 52 Y&ZcW=FUG=EXUW s>YUZ;
5) G=EX 5>5Y&GEY 5> Z=>FUGEX 5> Z\Y
FUGEX 5>5Y& FUGEY 5> Z=FUGI=EX 5> Z\Y;
6) F=X->Y=FUGIE X »>->Y;
FUGEX -Y=FUGE=E X -—Y;
7 FUGEX—>—Z & FUGEY>Z & 7Z'cZ & YNZ=0= FUGE
X->2Z7. O

FD or MVD ¢ is syntactically derived from the set of dependencies (F UG |—
@), if there is a finite sequence of FD or MVD ¢, 0,.....,0,_,,9, where ¢, =¢

and for all Vi=1,m—1 each ¢, is either the axiom of reflexivity (FD’s or MVD’s)

or belongs to FUG or is derived with some inference rule (complementation for
MVD’s, augmentation (for FD’s or MVD’s), transitivity (for FD’s or MVD’s), mixed
inference rules for FD’s and MVD’s) from the previous in this sequence @;,¢; ,

J.k<i.

As has been started above, let sequence ¢y, ¢;,....,0,,_;,@,, be called proof of ¢
from set of dependencies FUG.

Let there be given certain sets F and G of FD’s and MVD’s respectively. Clo-
sure [FUG], —is a set of all FD’s and MVD’s that are syntactically derived from
FUG:

def
[FUGIz ={@! FUGI- ¢}.
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Lemma 6. Next properties are valid:
1) FUGc[FUG] (increase);

2) [[FUGN=[FUG] (idempotency);

3) FUG' c FUG=[F'UG1c[FUG]* (monotonicity);

4) [F1c[FUG], [G]lc[FUGI;

5) [FIUIG]c[FUG]. 0

From the propositions 1-3 it follows that operator FUG — [FUG]y is closure

operator.
To be mentioned one more mixed rule for FD’s and MVD’s [5]:

(X 5>Y,XUY>Z}-X >Z\Y.

Closure [Xpyg.g of a set X (with respect to the set of dependencies FUG
and scheme R ) is the family of all right parts MVD’s which are syntactically derived
from the set FUG:

def
[(X1rygr =Y 1 X 5> Ye[FUGI}.

Obviously, [X]pzygr #D since, for example, X e [XIrygr » (X >—>X,
X — X are axioms of reflexivity); the latter statement can be strengthened: actually
performed inclusion 2% < [X1ryG. » Where 2¥ _Boolean of aset X .

Let [X]r — closure of a set X with respect to the set of FD’s F [9]. Note that
by definition [X], CR.
Lemma 7. Next properties are valid:
Y clX]p=>Ye [X]FUG,R 5
2) [X]FUG,R :[[X]F]FUG,R' o

Observe that operator X + [X g z 18 not closure operator; it is based on the
fact that this operator has no idempotency property (notion [[X ]pslryg.r has no

sense).
Basis [X ]’}“&G, g of aset X with respect to the set of dependencies FUG and

scheme R is subset of closure [X ] gz, such that:

1) VWWe [X]?“GG,R =W =) (i.e., basis contains only nonempty sets of attrib-
utes);

2) VWW,(WW,e [X][}“GG’R &W; 2W, =>W,W,;=0) (ie., sets of basis are

pairwise disjoint);

* From the fact that sets FD’s and MVD’s are disjoint it follows that inclusion
F'UG c FUG is equivalent to the conjunction of inclusions F'c F, G’ cG.
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3) VY elXlpygr =3SC cIX1or &S —finite &Y =[], _ W) (e, each
set of attributes from closure [X]p )6 z is equal to finite union of some sets from
basis).

Lemma 8. Next properties are valid:

1) UWE[XJ%G’RW =R for X c R (i.e.basic is partition R );

2) AelXl, = {Ale X6k -

These lemmas are needed to establish the following main results.

4 Correctness and Completeness of Axiomatic for FD’s
and MFD’s

Let ¢ —FD or MVD.

Statement 1 (Correctness of axiomatic for FD’s and MFD’s). If dependency ¢ is
syntactically derived from the set of dependencies F UG, then ¢ is derived seman-
tically from FUG:

FUGI- p=FUGI= ¢. u!
The proof is carried out by induction in the length of proving.

Statement 2 (Completeness of axiomatic for FD’s and MFD’s). If dependency ¢ is
derived semantically from the set of dependencies FUG, then ¢ is syntactically
derived from FUG under the assumption |RI>2 and |D[>2":

FUGIE o= FUGI- ¢. O

Condition |RIZ2 and IDI=2 is obtained through a detailed analysis of the
proofs.

Theorem 1. The relations of semantic and syntactic succession coincide for axiomat-
ic of FD’s and MFD’s under the assumption | D[>2 and IRI>2:

FUGE oo FUGI- ¢. O

The proof follows directly from statements 1 and 2.
Analogous theorem holds for axiomatic of MFD’s (for axiomatic of FD’s see [9]).

5 For details see further.
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5 Completeness Criteria for Axiomatic of FD’s and MFD’s

Analysis of the proof of the main result (Theorem 1) shows that it is constructed un-
der the assumption | D=2 and IRI>2.

The dependence of coincidence of relations of syntactic and semantic succession
for different values of cardinalities of the sets R and D is indicated respectively in

the tables 1 and 2. The symbol "+" (respectively "-") in the cell means that these rela-
tions coincide (do not coincide respectively) under specified assumptions.

Table 1. All variants of cardinalities of the Table 2. All variants of cardinalities of the

sets R and D for axiomatic of MFD’s sets R and D for axiomatic of FD’s and
MFD’s
D~ R | IRI=0 RI=1 | IRI>2 DR | IR=0 IRI=1 IRI>2
IDI=0 + + - IDI=0 + - -
IDI=1 + + - IDI=1 + _ _
IDI>2 + + + IDI>2 + + +

The above table shows the following main results.

Theorem 2. The relations of semantic and syntactic succession coincide for axiomat-
ic MVD’sifand only if IRIS1 or (IRIZ2&IDI1>2). ]

Theorem 3. The relations of semantic and syntactic succession coincide for axiomat-
icof FD’s and MVD’s if and only if IDI1>2 or IRI=0. O

6 Conclusion

In this paper we construct a fragment of the mathematical theory of normalization in
relational (table) databases — considered axiomatic for multivalued dependencies and
axiomatic for functional and multivalued dependencies. For each axiomatic relations
of syntactic and semantic succession are considered and the conditions under which
these relations coincide (do not coincide) found.

In particular, it is shown that known in the literature proof of the completeness of
these axiomatics constructed under the assumption for scheme R and universal do-
mainD: |RIZ2, IDI2>22.

The authors believe that the demonstrated approach and developed mathematical
apparatus can be successfully used for other tasks of data modelling.

The next challenge — research of independence of axiomatic’ components (axioms
and inference rules).
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