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YAK 519.1

SOME COMBINATORIAL IDENTITIES THAT IS RELATED TO
THE TREES-FUNCTION

Yu.l. Volkov and N.M. Vojnalovish

We define the rational functions with coefficients that are generalizations of numbers of Euler
the second order. The recurrent relations are got for such coefficients. Using properties of the
tree function, we find a few combinatorial identities.

BusHauaroThest parioHanbHl QyHKIII, KOe]iLieHTH SKUX € y3arajdbHeHHs-Mu uncen Efnepa
apyroro mopsiaky. OTpUMaHO PEKYPeHTHI CHIBBIAHOIIEHHS JUIsl TaKUX KOe(]IIIEHTIB 1,
BUKOPUCTOBYIOUM BJIACTUBOCTI (PyHKLIi JgepeB, 3HAWOEHO JeKiIbKa KOMOIHATOPHUX
TOTOXKHOCTEH. .

§1. Sequence %, (7)

First let us define the sequence of functions u (1) = if s#0,

s(1—1)’

1 r
uoyo(t) = log: , umﬂ,s(t) = ﬁum,s (), m=0]12,---.

From this it follows that
wu, () =1/(1=1)", u, () =1(1+(s+ D) /(1-1)""",
uy (1) =1(1+ (Bs +5) + (s +D)(s +2)2) /(1= 1),
wy () =t(1+(Ts+15) + (657 + 265 +26)” + (s + 1)(s +2)(s +3)° ) (1 1),
us () =1(1+ (155 +37) + (255> +1355+168)t* + (10s* + 80s” +200s + 154)¢° +
(s+1)(s+2)(s +3)(s + 4 /(1=1)™°,

m=1
um,s (t) = IZ am,k (S)tk /(1 - t)s+2m . (1)
k=0
Lemma 1. The functions a,,  (s) satisfy the following the recurrence relation:
am,k (S) = (k + 1)am—l,k (S) + (2m +5 - k - 2)am—l,k—l (S)ﬁam,m (S) = Oﬁam,—l(s) = O . (2)

Proof Using (1), we get
m=2
() =120, () IA=1)"2,
k=0

which imples that

(1) = (mz_l(k +1a,_, ()" + mz_l Cm+s—k-2)a,_ ()" j J(1—1)+2!

k=0 k=0
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Taking into account of the functions u,, (¢), we have

m—1

mz_lam,k () A=) = (Z (k+Da, ., ()+C2m+s—k-2)a,_, ()" j /(A=1)"*".

k=0

k+1

Comparing the ¢ terms, we get (2).

Table a,, ,($)

mk | 0 1 2 3 4
0 1 0 0 0 0
1 1 0 0 0 0
2 1 s+1 0 0 0
3 1 3s+5 (st1)(s+2) 0 0
4 1 7s+15 65" +265+26 (s+1)(s+2)(s+3) 0
5 1 15s+37 | 255°+1355+168 | 105°+80s™+200s+154 | (s+1)(s+2)(s+3)(s+4)
Table am,k(O)
mk | 0 1 2 3 4 5 6
0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
2 1 1 0 0 0 0 0
3 1 5 2 0 0 0 0
4 1 15 26 6 0 0 0
5 1 37 168 154 24 0 0
6 1 83 800 1792 | 1044 | 120 0
7 1| 177 3230 | 14368 | 19556 | 8028 | 720
Table a,, , )
mk | 0 1 2 3 4 5 6
0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
2 1 2 0 0 0 0 0
3 1 8 6 0 0 0 0
4 1 22 58 24 0 0 0
5 1 52 328 444 120 0 0
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6 1 114 1452 4400 3708 720 0
7 1 240 5610 32120 | 58140 | 33984 | 5040

Remark. The numbers of a,, (1) it the so-called of Euler the second order. ( [2],

p.256). These numbers have a combinatorical interpretation. If we form permutations
of the multiset {1,1,2,2,3.3,..., n,n} which the special property that all numbers
between the two occurrences of m are greater than m, for 1<m <n, then is the
number of such permutations have & ascents.

Lemma 2.

mz_lam,k(S) =(s+2)(s+4)---(s+2m—-2).

Proof. Let P (t)=> a

i=0

(s)t' Then u (t,s)=tP, ,(t)/(1- t)2m+s ’

m+1,i

(t,8)=1tP, (t)/(1-1)*"***’, on the other hand u,,,(z,s) = lt—tgu (¢,5). So that

m+1

P.(O/1=17"" = (P (1) +P'_ () 1— 1)+ (2m+ s)P,_ (1)/(1= 1) From

this P ()=2m+s)P,_ (1), so that the lemma 2 now follow by induction on the

integer m since P, (1) = Z a, ($)=(s+2)(s+4)--(s+2m-2).

i=0

Lemma 3. The following representation holds:

m—1 - k 2 ~ ._2
,, () =13 a,, () [1=1)"" =zrk2am,,-<s>[ prot ]
k=0

> =0 2m+s—1

sZm

This relation follow directly from expansion in a series of (1—-7)"

§2. Basic identity.
Let 7(y) 1s the tree function, 1d est, this the function, which defined by

I'(y)=yexp(-1'(y)). Then

n>0 n n=>1 n' n k

1) =X eyt =3 "',f‘![”]y". 3)
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A-T(y)” =31, (s)y

n=0

where

()= Z["y_ IJL thrl

I'(s) =0 n
1s tree polynomials ([1], p.339).
The first few cases of the polynomials 7 (s)are
t,()=1,t,(s)=s, t,(s)=3s+s7,1,(s)=17s +9s* +5°.
Theorem (Basic identity). The following identity holds:

2

k=1

2.4, (s

2m+s—1 S

Proof. From the definition of the tree function we have

T'(y)
ya-T7())

If differentiate (3) at y and use (4), we obtain:

I'(y)=

sST(A=T(y)) " =

n=0

If differentiate (4) at y m times and use (5) and (4), we obtain:

t (s)n”
()= 3

n=>0 S n
If now use of lemma 3, we obtain:

u, (1) =21T()" Zam,(S)[

k=1

Further using (3), we obtain:

u, ,(I(y)=2_y Z

n=>1 .

>.a, . (s)

2m+s—1

n k. kv[n]ml [k+s+2m—l'—2] U ) B
=""7pn .

k+s+2m—i-2
2m+s—1

non" k[n]ml [k+s+2m—l'—2

(4)

()

(6)

(7)

(8)

©)

Comparing the y” terms in (7) and (9), we obtain basic identity.

§3. Corollaries from the basic identity

We use such properties of the tree polynomials ([1]).
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Property 1. lim L) n"O(n),

n—1
where O(n)=> n™*(n—1)(n—2)---(n — k) is Ramanujan’s function.
k=0

A)

Property 2. 1 (1)=n".

Property 3.1 (2)=n"(Q(n)+1).

Identities.

1. Let s=0,m=1.Then

n kKl n
“lk

k=1 N

] =nQ(n).

2. Let s=0,m=2.Then

$ K Qk+ Dk + 1)!( Z] _6n’0(n).

k=1 n

3. Let s=0,m=3. Then

" k> (8k> + 11k + )(k +2)l(n

> i U{] =1201°0(n).

k=1 n

4. Let s=1,m=1. Then

IR 'U?D![Z] =’

k=1 n

5. Let s=1,m=2.Then

$ k* Bk +1)(k + 2)!(n] o

=1 n* kk

6. Let s=1,m=3. Then

n kP (k + 1)k + 3);(;4] _agyt

=1 n* kk

7.Let s=2,m=1. Then

k

k=1

S /‘ZL:D'[”] —3n2(O(n)+1).

8 Let s=2,m=2.Then
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f I (4 + lk)(k + 3)!(2] 607 (O(m) + 1),

k=1 n

9 Lets=2,m=3. Then

n ke k(n\(k+6 k+5 k+4 |
L (J{L ]+u[7 ]+lz(7 ﬂz ©m+1),
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